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Abstract 
The dynamic responses of viscoelastic ground vibration due to moving loads by using Cole-Cole model is 
investigated in this study. First, the paper gives the equation of motion in terms of the displacements for the 
homogeneous isotropic viscoelastic medium in the frequency domain. Then, the governing equations can be reduced 
to two Helmholtz equations and the displacement of the viscoelastic medium can be expressed via the potentials. By 
applying the double Fourier transform with respect to the horizontal coordinates, the general solution for the 
potentials of the visoelastic medium in the frequency wavenumber domain can be derived. 
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1. Introduction 
Vibration induced by railway traffic is a major concern for civil engineers as it can cause annoyance to 
residents or even damage to adjacent structures. There have been numerous investigations concerning the 
dynamic response of a half space medium subjected to a moving load since the 1950s. For example, two-
dimensional problem of a line load moving with a uniform subsonic velocity over the surface of a 
homogeneous elastic half space was first considered by Sneddon [1]. Cole and Huth [2] considered the 
same problem for a normal line load and obtained the solutions for the subsonic, transonic and supersonic 
case. The three-dimension problem of the steady-state motion of a point load in an unbounded body was 
considered by Eason et al. [3]. Hung and Yang [4] studied the elastic waves in elastic half space 
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generated by various vehicle loads. In terms of Biot’s theory, to date, many researches concerning the 
dynamic problem of the saturated porous medium have been carried out. For example, based on Based on 
Biot’s theory, Valliappan et al. [5] presented an analytical solution for two dimensional wave propagation 
in a fluid-saturated half space subjected to a surface strip harmonic load. Displacements and stresses on 
the surface as well as in the interior of the domain were evaluated by the Fourier transform，also the 
influences of soil parameters such as compressibility. 
It should be noticed that previous researches concerning the ground vibration in a half space 
unanimously treat the half space as an elastic medium. However, the real medium of the Earth is different 
from an ideal elastic solid in many respects. For example, wave attenuation and dispersion significantly 
affect the amplitude and travel time of the wave field. Also, the physical characteristics of the plane wave 
on the plane boundary separating two viscoelastic media are different form those of elastic case [6, 7]. 
Thus, it is appropriate to treat the soil as an elastic medium. In this study, the Cole–Cole model [8] is used 
to describe the viscoelastic half space. The Cole–Cole model has been validated experimentally in both 
quasi-static and vibrations experiments [9]. It has been pointed out in several papers, for example Bagley 
& Torvik [10] and Soula et al [11], that the Cole–Cole model fits experimental data over several decades 
of frequency. Experimental evidences in rock physics [12, 13] also point to the Cole–Cole type behavior. 
In this paper, a numerical method for evaluating the ground vibration by using a viscoelastic half space 
subjected to a moving load is developed on the basis of the Cole-Cole model. Based on the proposed 
method, the influence of various parameters on the ground vibration by using the viscoelastic half space 
can be easily investigated numerically. 
2. The Cole-Cole model for a viscoelastic medium 
The equation of motion in terms of the displacements (
iu ) for the homogeneous isotropic viscoelastic 
medium in the frequency domain has the form 
2
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where   is the bulk density of the viscoelastic medium,   and   are the complex Lame constants. A 
bar over the function denotes the Fourier transform. 
The stress–strain constitutive relation of the Cole–Cole model is determined by the following complex 
modulus [14] 
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where ( )M   is the frequency-dependent complex modulus, M  is the limit of the complex modulus 
for  , 0M  is the value of the complex modulus for 0  ,   is a characteristic relaxation time and 
  controls the width of the transition zone between M  and 0M . Besides, the conditions 0 1   and 
1a   follow from thermodynamics argument [14] 
Usually, for a linear isotropic viscoelastic medium described by the Cole–Cole model, the P- and the 
S-wave modes satisfy the Cole–Cole relaxation law with different parameters. Consequently, in terms of 
the Cole–Cole models, the complex moduli for the P and the S waves have the following form 
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where the subscript p, s denote the P and S waves in a viscoelastic medium and ( )  , ( )   are the 
complex modulus corresponding to the two Lame constants [15]. 
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According to the strain-displacement relation, the stress in the frequency domain can be expressed as 
the following 
2 ( ) ( ) 2 ( )ij ij ij s ije M           [ ( ) 2 ( )]p s ijM M e                                                    (4) 
where 
ij  is the stress of bulk material; ij  denotes the strain tensor of the solid skeleton; ij  is the 
Kronecker delta; e  is the dilatation of the solid skeleton. 
3. Free wave field solution due to the moving loads 
In the frequency domain, the governing equations can be reduced to two Helmholtz equations [4] 
2 0pk    , 
2 0sk  ψ ψ                                                                                  (5) 
where P/pk v , s/sk v , P /pv M  , s /sv M  ,  , ψ  is the scalar and the vector 
potential corresponding to the P wave and the S wave mode of the viscoelastic medium. Note that 
ψ should satisfy the condition 0 ψ . 
By applying the double Fourier transform with respect to the horizontal coordinates on (5), the general 
solution for the potentials of the visoelastic medium in the frequency wavenumber domain can be derived 
as in [4]. Once the potentials and the displacement for the viscoelastic medium are determined, ˆij  can be 
derived by Eq.(4) and the explicit expressions are given in [4]. 
Performing a triple Fourier transform with respect to time and the two horizontal coordinates, 
respectively, on (5), we have the following boundary condition in the frequency wavenumber domain 
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where ( )  is the Dirac delta function. where xk , yk  represent the two horizontal wave numbers 
corresponding to x- and y-coordinates, respectively. 
Performing the inverse Fourier transform with respect to the two horizontal wavenumbers and using 
the property of the delta function, the frequency domain free field solution for the moving distributed 
rectangular load has the form 
0
0( )0
0
sin[ ( ) / ]2( , , , )
i y y
z cb cqx y z e
 
 

  


 

( )* 0sin( ) ˆ ( , , , ) x sik x dx x x
x
k a k z e dk
k c
 





               (7) 
4. Conclusion 
The Cole-Cole model has been used in the analysis of the dynamic response of the homogeneous 
isotropic viscoelastic medium subjected to a moving load with a constant speed. The free wave solution 
of the viscoelastic half space vibration is derived by means of the Fourier transform method. Based on the 
proposed method, the influence of various parameters on the ground vibration by using the viscoelastic 
half space can be easily investigated numerically. Our solution for the dynamic response of a multilayered 
water-saturated half space subjected to moving loads is useful for civil engineering, seismology and 
earthquake engineering.  
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